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A method for propagating the square root of the state-error covariance matrix in lower triangular UDU T
form is described. The propagation method can be combined with the UDU”T measurement incorporation
algorithm to obtain a complete square root free triangular estimation algorithm, The method is compared with
1) the UDU T state transition matrix propagation algorithm; and 2) the conventional sequential estimation
algorithms on the basis of estimation accuracy, computational efficiency, and storage requirements by a
simulation of LANDSAT-D processing data from the Phase I Global Positioning System. The numerical results
indicate that, while slower than the conventional methods, the method proposed here is more efficient than the
previous UDUT factorizations with regard to computer storage and computation time, and leads to the most

accurate estimate of any of the methods considered.

Nomenclature

=semimajor axis of satellite orbit
=atmospheric drag acceleration
=filter model clock bias
=satellite clock bias
=GPS clock bias
=speed of light
=ballistic coefficient
=eccentricity
=true anomaly
=gravitational acceleration
=satellite altitude
o  =scale height for density model
=inclination
=density model scaling factor
=filter model clock drift
=satellite clock drift
= GPS clock drift
=satellite inertial position vector
=true time
=satellite clock indicated time
=satellite inertial velocity vector
" =velocity vector relative to the atmosphere
=magnitude of U, 4
=range measurement
=range-rate measurement
=correlation parameter for clock model
=atmospheric density
=atmospheric density at reference altitude
=geometric range
=geometric range-rate
=argument of pericenter
=longitude of ascending node
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Introduction

QUARE root filter formulations have been proposed as a

means of eliminating the problem of filter divergence in
the real-time application of sequential estimation algorithms.
In these methods, the state-error covariance matrix is replaced
by its square root during the propagation and update of the
estimate.'> The state error covariance matrix does not ap-
pear explicitly and, if it is required, it can be obtained by
multiplying the square root covariance by its transpose.
Consequently, it will always be semipositive definite.

In the initial formulations,’* the enhanced numerical
stability was obtained at the expense of increased com-
putation complexity and an- associated increase in com-
putation time. In Ref. 5, a square root measurement update
method is proposed which offers potential improvement in
the computational efficiency of the square root filtering
methods. This efficiency is created by maintaining the square
root covariance matrix in triangular form. Following a
procedure based on Givens’ transformation,® an algorithm
has been proposed’ which factors the state-error convariance
P into the form P=UDUT, where U is unit upper triangular
and D is diagonal. Using the UDUT factorization eliminates
the square root functions present in the algorithms discussed
in Refs. 1-5. The measurement incorporation formulation
derived for this factorization technique is summarized in the
Appendix. The proposed algorithm’ for propagating the
estimate is summarized in the following paragraphs.

The discrete time propagation equation for the state error

ovarlance matrix is

Py 1 =0t ) P ®T (4,1 ) + T4y, 1)

where ,Pk+ ; is the a priori state error covariance matrix at
ti+1» Py is the a posteriori state error covariance matrix at 7.,
® (1, ;,t;) is the state transition matrix used to map the state
from 1, tot,,,, andT';,, is the matrix which accounts for the
effects of process noise in the interval from ¢, to ¢,,,. The
matrices ®(#,.,, ?) and TI',., satisfy the following
equations: .

& (,t,) =A(R(1,1,) ®(ty,t,) =1 ()

13
Ter=|, #enn @@ s O

where A (¢) is a known n X n time-dependent matrlx and Q(?)
is the process noise covariance matrix.
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The discrete square root time propagation algorithm, based

on the UDUT transformation, can be summarxzed as
follows”: form the two matrices

Wie1=19espte) Uy § Byl @
. (D oo
Dy= p--—-s------ )
‘ 0 | Q,/At
where
Yt
Biny= | #ltymar ©

The process noise covariance matrix, Q, is assumed to be
constant in the integration interval At=t, ,—t,, and T'; |,
as defined in Eq. (3), is approximated as

Fk+IEBk+1(Qk/Af)BZ+p 0]

Then, the updated factors (U,,,;, D,,;) are obtained in
upper triangular and diagonal forms, respectively, by
performing a Modified Weighted Gram-Schmidt ortho-
gonalization on the matrix W, e+ ,, wheres its columns are

weighted by the diagonal matrix D,.”

The calculation of ®(z,, ,.t;) requires the mtegratlon of
nXxn equations in addition to the n-state equations. The
determination of B, necessitates an nxn quadrature.
Therefore, the total number of equations to be integrated is
2(nxn)+n. The UDUT formulation proposed in Ref. 7
approximates B, . ; by an analytical trapezoid-rule integration
which eliminates the n X n quadrature. The error introduced
by this approximation can be neglected if the propagation
interval (¢, —t,) is small. The effect of error accumulated
over long prediction intervals, during loss of tracking or data
drop-outs, must be considered to ascertain the accuracy of
this approximation.

The matrix multiplication, ‘I>Uk, combined with the
creation of the augmented matrix W, ,, destroys the
triangularity of the square root covariance matrix. The ap-
plication of the modified Gram-Schmidt orthogonalization
procedure is required to retriangularize the UD factors at the
time each measurement is processed. The added com-
putational burden of this orthogonalization at each ob-
servation point could be eliminated if the square root
covariance matrix were propagated without the loss of its
triangularity.

In this investigation, a method is proposed which allows the
integration of the continuous state-error covariance dif-
ferential equations in square root form. The derivation
follows the approach used in Ref. 8, but the results are based

on the P=UDUT decomposition. The new algorithm can be

combined with a triangular measurement update algorithm to
obtain a complete square root estimation algorithm for which
square roots are avoided. In addition, the effects of state
process noise are included without approximation.

Square Root Propagation Equations
in Triangular Form

The differential equation for propagating the state-error
covariance matrix can be expressed as

P(1)=A(t)B(t) + B() AT (1) + Q(1) @®)

where P(t) is the a priori state error covariance matrix, A(f)
is the nxn linearized dynamics matrix, and Q(¢#) is the
process noise covariance matrix. Each of the matrices in Eq.
(8) is time-dependent in the general case. However, for
simplicity, the time dependence will not be noted specifically
in the following discussion.
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If the following definitions are used,
 P=UDUT 0=0/2 )
and if the first part of Eq. (9) is differentiated with respect to

time and substituted into Eq. (8), the results can be rearranged
to form

(UD+0D/2—-00-T—-AUD) 0T
+0(DUT+DOT/2~ U-1QT-DUTATy=0 (10)

Noting that the first term of Eq. (10) is the transpose of the
second term, and making the following definition:

C(t)=(UD+0D/2-Q0-T—AUD) U7 an

one obtains
C(+CT(1)=0 } (12)
Relation (12) requires that C(#) be either the null matrix or,

more generally, skew symmetric.
Equation (11) can be simplified by selectively carrying out

" the multiplication of the —QU ~7 term by U7 to yield, after

terms are rearranged,
(UD+UD/2 —AUD)UT=0+C(t)=C(1) (13)

Equation (13) defines the differential equations for U and D

to the degree of uncertainty in C(¢). Since the unknown
matrix C(¢) is skew symmetric, there exist n(n—1)/2
unknown scalar quantities in Eq. (13). The problem con-
sidered here is one of specifying the elements of C(¢) so that
U is maintained in triangular form during the integration of
Eq. (13). (The derivation pursued here assumes that Uis lower

-triangular and D is diagonal, although an algorithm for an

upper triangular U can be obtained as easily.) The following
definitions are made to facilitate the solution to the problem
posed above.

T=AUD
With these definitions, Eq. (13) is expressed as

M=UD+0D/2-T (14)

MUT=C=Q+C(t) (15)

Since U/ and Uin Eq. (13) are lower triangular, and since from
Eq. (12), C(¢) is skew symmetric, several observations can be
made regarding Eq. (15). There are n(n—1)/2 unknown
elements in C. The products UD and UD are lower triangular
creating n(n+1)/2 unknowns. Therefore, the nxn system
of equations (15) has [n(n—1)/24+n(n+1)/2]=nxn un-
knowns which can be determined uniquely.

An expansion of Eq. (15) into matrix elements indicates the
method of solution:

M, -T, -T, 1 0, ... O,
M, M, .. =T, SR R /!
M, M, .. M, 0 - .. 01
f qll "CZI —Cnl h
C21 ‘222 “an

- ' (16)

L Cn? CnZ cer T lQuy )
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In Eq. (16), Q is assumed to be a diagonal matrix with
elements §;=q;/2 (i=1,...,n). (This assumgtion can be
generalized to allow other nonzero terms in the Q matrix with
only a slight increase in algebraic complexity.) Each row of

the upper triangular portion of the € matrix in Eq. (16) is -

determined as the product of the corresponding row of the M
matrix with the appropriate column of the UT matrix. After
an upper triangular row of C is determined, the condition
from Eq. (12) that C;= =C; (i=l,..,n; JEL.,i=1)
is invoked to evaluate the correspondmg lower triangular
column of C. Then, a column of the lower triangular elements
of M can be evaluated. Once the elements of the M matrix are
determined, the new row of the upper triangular C elements
can be computed along with a column of the, U and D
elements. This process is repeated until all ¥ and D values are

“determined. The implementation of this approach proceeds as
follows. From Egs. (13) and (14) one can write

M+T=UD+0D/2 amn

The expansion of Eq. (17) in summation notation gives

n
M;+T;= Z_: g—l

(i=1,...,n; j=1,..,i) (18)
But, since D is diagonal, Eq. (18) becomes

M;+T;= U d +U,d, /2 (i=1...,n;

[/hed)

=1..1 (19)
fori=j, U;=1,and (JU =0. Therefore, Eq. (19) becomes

di=2(M;+Ty)  (i=1,...n) (20)
For i>j, Eq. (19) is rearranged to obtain the differential
equation

il_(M +T u .I.I/Z)/

(i=2,..,n; j=1,..,i=1) 1)
Equations (20) and (21) are the forms of the differential
equations to -be employed in the derivative routine of a
numerical mtegrator The elements T;; and M,; are computed
~ as defined in Eq. (14). The pertlnent equatlons can be com-
bined to obtain the following algorithm.

Triangular Square Root Propagation Algorithm
Given the elements of the square root state-error covariance

in lower triangular UDUT form, 0=0Q/2 and A(t), the
differential equations U and d; can be computed as follows:

n
=Y A, 04d,  (i=L..n; j=lL..n) @2)
k=j
éu —EMlkUjk_ 2 leUjk
k=1 k=i+1
(i=1,...,n; j=i+1l,..,n) (23)
i—1 _ .
M; =q,- EMikUik (i=1,...,n) (24)
. k=1
-~ j_l - '
My =—Ci— Y M0, (i=2,...n; j=1..,i=1) (25
k=1
i =2(M,+T,) (i=1,....,n) : (26)

=M, +T;~U;d;/2)/d;

(i=2,..,n; j=1,..,i-1) @7)
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The propagation algorithm summarized in Eqgs. (22-27) can
be combined with the algorithm for incorporating an ob-
servation’ to obtain a complete sequential estimation
algorithm in which the covariance matrices P and P are
replaced by the factors (0,D) and (U,D), respectively. The
algorithm given in the Appendix assumes that only a single
scalar observation is processed at each observation epoch;
however, the algorithm is applicable to the case of multiple
observations at a given epoch if the observation errors are
assumed to be uncorrelated.

Numerical Comparison

In the following numerical example, the two methods for
propagation of the UDU T factored covariance matrix are
compared to determine the relative computation speed and
estimation accuracy. As a.basis for determining their absolute
performance, numerical results are obtained with the con-
ventional Extended Kalman-Bucy Filter using both Egs. (1)
and (8) as the bases for propagating the state error covariance
matrix. The numerical comparisons are made by using each of
the algorithms to process a set of simulated Global
Positioning System (GPS) range and range-rate observations
obtained by the LANDSAT-D- spacecraft.? A detailed
discussion of the GPS and the associated navigation mea-
surements is given in Ref. 10. Since the range measurement
will require a precise measurement of the time interval bet-
ween signal transmission from one of the GPS satellites to
reception at the LANDSAT-D spacecraft, the clock error
must be modeled and included as part of the overall state
vector. The primary clock errors are the bias and drift.

The dynamic model used for the motion of LANDSAT-D
and the associated model of the satellite’s clock are combined
to obtain a filter model which contains nine state variables.
The nine components of the state vector are: position (7}
3 x 1), velocity (7; 3 x 1), clock bias (b), clock drift (n), and
clock drift model correlation parameter (8). The differential
equations defining these parameters in the filter are

F=0 28)
v=g+ds+§, 29)
b=n (30)
n=fn+%, 31
B=k, (32

The stochastic processes £, £, and £ s are white noise forcing
functions which are assumed to have the following statistics:

E(g(0)];=0 EEOET(DN]=Q,(ndét-1)  (33)

where the subscript / indicates the appropriate member of the

~ set {0,n,8)} and & (#—7) is the Dirac delta function.

For computational efficiency, the filter assumes simple
models for the gravitational acceleration ¢ and for the at-
mospheric drag acceleration &,. The geopotential model
adopted for the filter is obtained by truncating the Goddard
Earth Model (GEM7)!! to the fourth degree and order. The
drag acceleration is calculated as

d‘yvrel vrel (34)
where the atmospheric density v is approximated. by the
exponential model

y="pe <t 33
The values of the drag model parameters assumed for this

investigation are: A, =2840,000 m, y,=5.74x 10-'% kg/m?,
k=7.58x10-¢m-',andd=1.18 x 10 -2 m2/kg.
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Table 1 [Initial conditions for numerical simulations

329

State State covariance Noise covariance
X(1)= 7.046x10°m P(1,1)=6x10m? Q(1,1)=0
X(2)= —5.433x105m P(2,2)=6x10%m? 02,2)=0
2 62
X(3)= -6.120x10°m P(3,3)=6x10°m 0(3,3)=0

X@)="5.562x102m/s
X(5)=—1.116x103m/s

P(4,4)=1x10%(m/s)?
P(5,5)=1x10%(m/s)?

0(4,4)=1x10"6m?2/s3
Q5,5 =1x10"5m?2/s3

X(6)= 7.388x103m/s P(6,6)=1x10%(m/s)? 0(6,6)=1x10"%m?2/s?
XM= 2.998x10'm P(1,7)=3.600% 103m? Q(1,7)=0
X@®)= 5.996x10"'m/s P(8,8)=6.x 10%(m/s)?2 08,8)=1x10"%m?/s3
X(9)= 5.550x104s~! P(9,9)=1x10"5s 2 009,9=1x10""s"3
Table2 Numerical algorithm comparison for the modified Euler integrator (step size =6 s)
Meas. Time Norm. Total Accuracy
Algorithm update, ms update, ms time update, ms Rms pos., m Rms vel.,, m/s
EKF(P) 7.246 38.608 1.000 45.855 113.1 0.431
EKF(®) 8.057 42.792 1.108 50.849 120.3 0.432
UDUT (UD) 8.045 51.131 1.324 59.176 111.4 0.433
UDUT (&) 8.216 61.296 1.588 69.512 117.6 0.432
Table3 Numerical algorithm comparison for the modified Euler integrator (step size =3 s)
Meas. Time Norm. Total Accuracy
Algorithm update, ms update, ms time update, ms Rms pos., m Rms vel., m/s
EKF(®) 7.981 64.688 1.000 72.669 148.5 0.442
EKF(P) 8.341 75.224 1.163 83.565 146.8 0.441
UDUT ($) 7.867 82.872 1.281 90.739 146.8 0.441
UDUT (UD) 6.972 102.831 1.590 109.803 146.0 0.440

The estimates of the clock bias b and drift n are used to
predict the true time of the user’s clock ¢ by the equation

t=T—by—n,(t—1,) (36)

where the subscript zero indicates the epoch of the last
estimate of the parameters. The quantity 7 is the time as
indicated by the LANDSAT-D clock.

The observations used for this study are pseudo range and
pseudo range-rate measurements as observed by the LAND
SAT-D satellite using the six satellites of the Phase I GPS
constellation. ' The computer software used to simulate the
-observations as well as further details on the simulation
procedure are discussed in Ref. 12.

The models used to generate the simulated measurements
have the form

Y,=p+(b,—b)c+§, (37

Yy=p+(n—n)c+§, (38)

where p and p are the true values of range and range-rate
between LANDSAT-D and the given GPS satellite; Y, and
Y, are the measured values of the range and range-rate; b,, n,,
b,, and n are the biases and drifts in the satellite clock and in
the GPS clocks, respectively; and c is the speed of light. 10

The measurement Y, and Y, is processed by the LAND-

SAT-D navigation filter using tffe’ model

Y,=p+chb+§, (39)
Y,=p+cn+¢, (40)

That is, in the filter model the GPS clocks are assumed to be
perfect, and the total time error is assumed to be contained in

the LANDSAT-D satellite clock. The interval between ob-
servations is assumed to be 6 s, and observations from only
one GPS satellite can be obtained during any 6 s interval.
The observations from the visible satellites are processed
sequentially.

The GPS satellites are assumed to be in circular orbits
(e=0) about a point mass earth with inclinations of 63 deg
and periods of 12 h (43,200 s). Three satellites are equally
spaced on each of two orbital planes. The orbital elements are
referenced to a coordinate system whose xy-plane is the
earth’s equator and whose xz-plane lies along the Greenwich
meridian.

The epoch condition for LANDSAT-D was chosen so that
the resulting simulated observations would accurately reflect
the possible extremes of GPS satellite visibility. The
epoch elements chosen are ¢=7.086901 X 105m, e=0.0001,
I=98.181 deg, 2=354.878 deg, w=180 deg, and f (true
anomaly)= — 185 deg. The elements are specified at a GPS
system time ¢ =0. The epoch elements for GPS are specified at
a system time of —7200 s. The difference in initial epochs is
included in the filter program’s update of user and GPS
states.

The values of the LANDSAT-D and GPS clock phase and
frequency errors are simulated as the sum of three different
error sources: a noise-free phase error with a polynomial
form, an error due to exponentially correlated frequency
noise, and a random walk bias error. The exact form of the
error models and the coefficients used in the models are given
in Ref. 12.

The numerical simulations of the filter performance were
made with the initial conditions shown in Table 1, with the
off-diagonal terms of the state-error covariance and noise
covariance matrices set to zero initially.

The data in Tables 2 and 3 show the relative performance of
the four algorithms when each processed a simulated ob-
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servation data set with a duration of approximately 10,000 s.
The five columns in each of the tables are, respectively: 1) the
total CPU (central processing unit) time requlred to perform
measurement updates of the state and covariance, 2) the total
CPU time required for propagating the state and covariance,
3) the total CPU propagation time normalized by the fastest
CPU propagation time, 4) the total CPU time required for
propagation and measurement updates (the sum of columns 1
and 2), and 5) the rms of the position magnitude errors and
velocity magnitude errors over the duration of the simulation.
All CPU times are listed in ms. Position errors are given in m
and velocity errors are given in m/s. The algorithms are
ranked in the tables in order of increasing total computation
time:

Time propagation is performed with a fixed-step modlfled
Euler integrator, which requires two function evaluations per
step. The integration step size for the data of Table 2 is 6 s,
equal to the time interval between GPS observations. The data
of Table 3 result from integration with a 3 s step size.

The relations for the propagation of the time bias and drift,
as  approximated by Eqgs. (30-32) have simple analytic
solutions. This allows certain elements of the state transition
matrix to be updated analytically. The implementation of the
UDUT($) and EKF($) algorithms has taken advantage of
this simplification to reduce the number of numerically in-
tegrated differential equations below the theoretical value of
n?. The high degree of coupling in the covariance differential
equations for the (P) and (U, D) algorithms does not permit
a convenient reduction in the integration vector size. A total
of n(n+1)/2 covariance equations has been integrated in the
simulations described here.

While the programming effort required to implement the
(U,D) formulation will be greater because of the recursive
nature of Eqs. (22-27), fewer computer storage locations will
be required to execute this algorithm since the total number of
equations involved in Egs. (22-27) is n(n+1)/2. This value
compares’ with the (nXn) computer memory locations
required to integrate and store the ¢ equations. Since there
are some zeros in the ® equation, one can reduce the storage
requirements of this method at the expense of added
programming complexity. Further comparisons of the
computer storage location requirements for these two
algorithms are given in Ref. 12.

The numerical results shown in Table 2 indicate that the
(U, D) algorithm is competitive with both the UDUT ($) and
conventional formulations in terms of CPU times and
estimation accuracy for this filtering problem. The (U,D)
method is faster than the UDUT(®) algorithm for the 6 s
integration interval. Its position estimation error is lower than
that for any of the other algorithms. For the 3 s step size
results in Table 3, the (U, D) algorithm remains competitive

" in terms of estimation accuracy, but is no longer as fast as the
UDUT ($) algorithm. With the decrease in integration step
size, the number of expensive (U,D) function evaluations
has increased, but the number of time-consuming or-
thogonalizations in the UDUT(®) algorithm remains the
same. This factor causes the UDUT (@) algorithm to have a
faster computation time in this case. Again, for the 3 s results,
the (U,D) formulation yields the most accurate position
estimate.

Both UDUT methods require higher total computation
times than the EKF algorithms. This is not an unexpected
result as square root filter formulations often incur com-
putation time penalities as the price for 1ncreased numerical
stability.

These numerical results were generated on a CDC6600‘

computer system. The relative performance of the algorithms
will vary as a function of the computer system being used, the
dynamic model assumed by the filter, the method and order
" of numerical integration, and the integration step size. The
influence on performance of the latter two factors can be seen
in the numerical results given in Ref. 12. The (U, D) method
becomes more efficient as the total number of function
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evaluations within a given integration interval is decreased.
Therefore, the choice of the time propagation method should
depend on the formulation of the specific problem under
consideration and on the supporting algorithms and computer
system used to perform the calculations.

Conclusions

Based on the results presented in the previous discussion, it
is concluded that, for the example problem considered here,
the (U,D) algorithm is more efficient than the (UDUT)
algorithm based on the & propagation, Furthermore, the
estimate obtained with the (U,D) formulation was more
accurate than the estimate obtained by either the conventional
EKF estimation algorithms or the UDUT (&) algorithm. The
performance of the algorithms will be dependent on the
computer architecture and software, the dynamic model
assumed for the filter and the method used to perform the
numerical integrations, and will vary as these factors change.

Appendix
The measurement update algorithm for the UDU T fac-
torization? has the following form. Using the observation
Y1 =G(Xy 1t 41), calculate:

Hyy =[0G (Xyy1stis ) 18K 1 ] (Al)
Fori=1-n,
. )
F,=H;+ E H. Uy (A2)
k=i+1
V,=d,F, ‘ (A3)

Set B,.; =R, (where R, ; is the measurement noise) and
calculate:

B;=B. +V.E,  (i=n=1) (A4)
Calculate diagonal covariance elements:
di=d;+B,1/8;
a=8, | | (A6)

(i=n—1) (AS)

Fori=2—nandj=1—i-1, caléﬁlate:

Pj=ﬁ}:/ﬁj+l (A7)
il :
By=Vi+ Y, U,V, (A8)
kSj+1
U,=0,-B;P, (i=2—n; j=1—i-1) (A9)
Compute residual:
Vir1=Yio1 =G ( Xy ptis)) (A10)

Calculate gain and update state:

Ri=B,+ UV, (i=1-n) Al
X=X+ Ky 1/ (i=I-n) (A12)
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and, as yet, unknown design challenges.
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